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Abstract
We show that the diﬀerential-geometric description of matter by diﬀer-
ential structures of spacetime leads to a unifying model of the three types
of energy in the cosmos: matter, dark matter and dark energy. Using
this model we are able to calculate the value of the cosmological constant
with Λ =
√
14/27 8piG/c4 ρobs ≈ (1.4 ± 0.2) · 10
−52m−2.
1 Introduction
For centuries it has been our ﬁrm conviction that matter and energy of the
same kind as is surrounding us also constitute the rest of the world. Thor-
ough examinations of supernovae [46, 49, 43] and of cosmic background
radiation [9, 56, 30], however, have replaced this conviction by the insight
that the global structure of the cosmos is dominated at 95% by an en-
ergy form that has hitherto been entirely unknown. About two thirds of
this energy form consist in “dark energy”, and one third in “dark matter”.
This is the most radical revolution in our understanding of the cosmos after
Kopernikus. In the last years, great eﬀort has been invested to understand
these unknown forms of energy [45, 44, 51].
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2 CALCULATION OF THE COSMOLOGICAL CONSTANT
Many explanations of dark energy assume that besides spacetime geometry
and baryonic matter, there is an additional entity that acts as source of the
dark energy. For instance, particle-theoretic models attribute this role to
the vacuum energy [65, 58, 15], or introduce additional global scalar ﬁelds
[59, 48]. These ad-hoc entities can only be observed by their gravitational
interaction, which precludes an independent falsiﬁcation by other observable
interactions. As long as a consistent integration of such additional entities
into the proven models of spacetime geometry and baryonic matter has yet
to be stated, it seems to be questionable whether such approaches are worth
anything more than an explanation deus ex machina.
Therefore, our basic approach is to see the cause of dark energy in one
of the two proven concepts, viz. spacetime or matter. Since so far the dark
energy has been observed only gravitationally, it seems to be obvious to
seek its cause in the spacetime itself. We are aware of the fact that this
“geometrizing” approach diﬀers diametrically from previous approaches and
may have an unconventional appearance to the community. However, in
consideration of the enormous diﬃculties of conservative approaches, an
unorthodox approach seems to be necessary. Like every other axiom, our
geometric concept does not possess an intra-physical justiﬁcation; however,
it does avoid the epistemic problems of other approaches:
• No additional entities are introduced. A certain widely ignored prop-
erty of spacetime, present ever since in general relativity, is assumed
to be the cause of the existence of dark energy. This property is its
differential structure.
• According to observations, dark energy interacts only gravitationally.
All known quantum ﬁelds, however, couple to other gauge ﬁelds as
well and can thus be detected independently from gravitation. It is
not plausible to introduce a deviating assumption. Thus, there is only
one entity left that interacts only gravitationally: The geometry of
spacetime itself.
Spacetime is a 4-dimensional manifold, whose structure is determined by
its topology, diﬀerential structure, and metric. The ﬁrst discussion of dif-
ferential structures appeared in a series of papers [13, 12, 11] written by
Brans. A further relation to particle physics was discussed in [54, 52, 53].
Furthermore, in [12] Brans conjectured about sources of gravity given by
diﬀerential structures (Brans conjecture) which was proven for some com-
pact manifolds by one of authors [7] and for some non-compact spaces in
[55]. In [8], the local properties of diﬀerential structure have been exam-
ined. It was shown that, referring to 3-dimensional subsets Σi, the algebra
of changes of the diﬀerential structure is a Temperley-Lieb algebra and in
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particular a Cliﬀord algebra. Thus, the Σi can be identiﬁed with fermions.
– In this paper, we shall examine the global properties of the diﬀerential
structure of spacetime. We shall develop a model of dark energy and dark
matter that explains the 95% unknown energy density basing on the space-
time geometry alone, without resorting to additional entities. We make just
one
Basic assumption: Spacetime is a 4-dimensional compact closed man-
ifold M which is differentiable and simply connected. The cosmos is the
3-dimensional boundary Σ of a distinguished submanifold A ⊂M – the Ak-
bulut cork A –, which determines the differential structure of M uniquely.
The energy density of any kind of matter is described by the curvature of the
associated submanifold of Σ.
As we shall see, the choice of a particular diﬀerential structure and hence
of the Akbulut cork A is a very restrictive commitment. It also largely
determines the global structure of the boundary Σ of A. It is a well-known
result [28, 29] that the boundary of a simply connected 4-manifold, like A,
is a so-called homology 3-sphere (see Appendix C). Thus we assume the
cosmos Σ is a homology 3-sphere. From the structure theory of 3-manifolds
we know that there are only three kinds of 3-manifolds that can form Σ.
This remarkable fact motivates the following
Conjecture: The three types of 3-manifolds that constitute the cosmos
as a homology 3-sphere, correspond to the three kinds of matter: baryonic
matter, dark matter, and dark energy.
Thus we obtain a uniﬁed approach for all observed kinds of energy den-
sities. The global structure of the cosmos can thus be derived from the
diﬀerential geometry of spacetime itself, without additional entities, and it
is possible to compare the observed energy densities with the curvatures of
the three types of Σ. From the ratio of the curvature of the dark energy and
the total curvature, the corresponding ratio of the energy densities of the
dark energy and the total energy can be computed, using a result of Witten
[60]. From this calculated ratio and the observed total energy density ρobs,
we obtain Λ =
√
14/27 8piG/c4 ρobs ≈ (1.4±0.2) ·10−52m−2, which coincides
well with the observations.
2 The topological structure of the cosmos
Under the basic assumption above, the global structure of the cosmos is
determined by the diﬀerential structure of the spacetime. Being a compact
4-manifold, it possesses countably inﬁnitely many diﬀerentiable structures.1
4 CALCULATION OF THE COSMOLOGICAL CONSTANT
The diﬀerential structure can be imagined as equivalence class of reference
systems under diﬀeomorphisms (for an exact deﬁnition, see appendix A).
Thus it represents the actual gauge-invariant structure of spacetime, unlike
the points and reference systems in spacetime, which can arbitrarily be
gauged under diﬀeomorphisms.
The diﬀerential structure of a 4-manifold can be characterized by several
methods, as for instance by Donaldson Polynomials [22, 23] or Seiberg-
Witten invariants [64]. In the case of a simply connected, compact, and
closed 4-manifold (see our “basic assumption”), its diﬀerential structure is
determined by a 4-dimensional submanifold – the Akbulut cork A (see a
physical discussion in [12]). More precisely [18]: In the 4-manifold M ,
there is a contractible 4-manifold A ⊂ M such that a local modiﬁcation
of A induces a new diﬀerential structure (for detail see the appendix B).
The important fact [28, 29] for our approach is that the boundary of the
Akbulut cork A is a homology 3-sphere Σ, i.e., “almost looks” like a 3-
sphere2 S3. Thus we obtain: The choice of a differential structure in the
4-manifold that is defined by the Akbulut cork A determines an embedded
compact 3-manifold Σ that is a homology 3-sphere.
According to the above-mentioned basic assumption, we identify this ho-
mology 3-sphere with the cosmos. In order to narrow its structure down, we
therefore have to look at the properties of homology 3-spheres. According
to [38], any compact 3-manifold, in particular N3 = Σ, can be split into
pieces along an embedded S2
N3 = K1# · · ·#Kn1#n2S1 × S2#n3S3/Γ ,
where #n denotes the n-fold connected sum and Γ ⊂ SO(4) is a ﬁnite
subgroup. The decomposition of N3 is unique up to the order of the factors.
























with the curvature scalar R. The two factors S1×S2 and S3/Γ are the only
pieces with positive scalar curvature. The other pieces K1, . . . , Kn1 possess
1So far there has been no success in constructing several differential structures on such
“trivial” 4-manifolds like S4, S2 × S2. The possibility of such a construction is connected
to the existence of several differential structures on the 4-disk D4 with ∂D4 = S3. It can be
shown that the existence of such a disk depends on the validity of the Poincare´ conjecture,
which however was proved by Perelman. Thus, there do exist several differential structures
on S4.
2In a mathematically more exact parlance, this 3-manifold must have the same homol-
ogy groups as the S3, i.e., H0(S
3) = Z = H3(S
3) and Hk(S
3) = 0 for k = 1, 2.
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a negative or vanishing scalar curvature. The parts K1, . . . , Kn1 can further
be decomposed into K = H#G, where H is a hyperbolic manifold with
strictly negative curvature [31, 57].
For the decomposition of the homology 3-sphere, the possible structures
of the pieces can further be narrowed down. To this end, one needs to
calculate the homology groups of the connected sum described above. By
using the Mayer-Vietoris sequence it follows that the homology groups of N3
are computed from the sum of the homology groups of the pieces. In the
case of a homology 3-sphere, it suﬃces to show that the ﬁrst homology group
H1(Σ) = 0 vanishes. In detail this means:
• S1 × S2: can be excluded, since H1(S1 × S2) = Z 6= 0.
• S3/Γ: There are inﬁnitely many subgroups of SO(4), but only the
trivial group Γ = {e} and the binary icosahedral group Γ = I∗ lead
to H1(S
3/I∗) = 0 = H1(S
3). The manifold S3/I∗ is also known as
Poincare´ sphere.
• K: There is one obvious restriction. The pieces with vanishing scalar
curvature are excluded, since the corresponding 3-manifold is the 3-
torus T 3, with H1(T
3) = Z3.
Thus we obtain for the homology 3-sphere:
(1) Σ = K1# · · ·#Kn1#n2S3#n3S3/I∗
To sum up, there are three classes of mutually diﬀerent parts, which, ac-
cording to our conjecture above, we identify with the three forms of energy
and matter in the cosmos:
1) K1, . . . , Kn1 : 3-manifolds with negative curvature – baryonic matter
and radiation,
2) S3: the connecting pieces between the Ki – dark matter,
3) S3/I∗ : the large-scale structure of the cosmos – dark energy.
In the sequel we will discuss the topological properties of the pieces Ki and
of the S3. So, in order to motivate the identiﬁcation between matter and
the pieces with negative curvature, we look at the geometric properties of
the Akbulut cork. The Akbulut cork is a contractible 4-manifold A ⊂ M
whose boundary is a homology 3-sphere Σ. Let us ﬁrst assume that Σ
has an entirely positive curvature. Then Σ can only be composed from
the pieces S3 and S3/I∗. However, a consequence of the Donaldson theory
[19, 20, 21] is that homology 3-spheres of the form #nS
3#mS
3/I∗ with
m 6= 0 cannot be boundaries of diﬀerentiable contractible 4-manifolds. The
pieces S3/I∗ can therefore not appear without theKi
6 CALCULATION OF THE COSMOLOGICAL CONSTANT
The occurrence of dark energy is always tied to the occurrence of matter.
Thus, the Ki are basic building blocks in Σ, a property that we attribute
to matter. The identiﬁcation of the Ki with matter is also supported by
other observations. The positivity of the scalar curvature is connected with
the diﬀerential structure: If one begins with a 4-manifold with positive
scalar curvature and changes its diﬀerential structure, then one obtains a
4-manifold with non-positive scalar curvature, i.e., there is a submanifold
with negative scalar curvature.
The crucial argument in favor of the Ki as matter is something known
as Mostow Rigidity [41]. It states that a diﬀeomorphism of a hyperbolic
3-manifold H induces an isometry of H. Thus, any scaling leaves the size
of the hyperbolic 3-manifold H in the Ki = H#G constant. A diﬀeomor-
phism scales only these pieces in Σ that are not a hyperbolic 3-manifold,
i.e., S3, S3/I∗, and partially G.3 This means that the cosmos can expand
without a simultaneous expansion of matter in form of the Ki.
Moreover, S3 always appear as a link between the Ki. To understand this
fact, a little topological consideration is needed: The piecesKi are connected
along a S2, i.e., by deﬁnition K1#K2 = (K1 \D3)∪S2 (K2 \D3). Thus, one
can always insert pieces of the form S2 × [0, 1] between K1 and K2. These
pieces are obtained by virtue of the topological relation D3/S3 \D3 = S2×
[0, 1]. One obtains K1#S
3#K2 = (K1 \D3)∪S2 (D3/S3 \D3)∪S2 (K2 \D3),
i.e., one obtains the S3 as the link between the Ki pieces. This fact can also
be illustrated in another way. To this end, we consider a generic model of
a 3-dimensional hyperbolic space, the exterior space of a knot. Take a S3
and excise a knotted solid torus D2 × S1 from it4 , i.e., S3 \N(K) with the
knot K and N(K) as knotted solid torus. This exterior space S3 \N(K) of
a knot possesses the torus T 2 = S1 × S1 as boundary, and has a hyperbolic
structure for almost all knots5 (see Thurston [57]). In principle, every
hyperbolic 3-manifold can be generated by that way. Thus we see that
matter can also be represented as S3 from which knots have been excised.
Hence, dark matter constitutes something like an accompanying shadow of
baryonic matter.
If we ﬁnished our analysis at this point, we would have uncovered only
half of the truth. After all, the 3-manifold does not exist a priori, but only as
an embedding in the 4-manifold. Therefore, in the next section we examine
3G is a graph manifold. A scaling by a diffeomorphism alters only the “thickness” of
the graph, without affecting the distance between the hyperbolic pieces H
4Topologists call such a solid torus a tubular neighborhood of a knot K.
5The sole exception is the so-called torus knots and satellite knots. In that case, the
manifold S3 \N(K) splits into several components of the form H#G.
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the topology of 4-manifolds and their relation to 3-manifolds. Then we will
determine the number n3 of (1).
3 The topology of spacetime and its differential structure
We consider spacetime a compact, closed, diﬀerentiable, and simply con-
nected 4-manifold M . As Freedman [27] proved, topological 4-manifolds M
are fully determined by a simple quantity: The intersection form Q, a ma-
trix whose entries correspond to the number of intersection points and self-
intersections of embedded surfaces (of whatever genus). Such a system of
surfaces can be represented as a linear combination of a basis set that is
made up of the generators of the second homology group H2(M), and which
also is the index space of the matrix Q. For an illustration, let us look at the
4-manifold S2 × S2. Obviously this 4-manifold has two possible embedded
surfaces: F1 = S
2×∗ and F2 = ∗×S2, which also constitute the basis of the
second homology group H2(S
2 × S2) = Z⊕ Z. Obviously neither F1 nor F2
does have a self-intersection. The intersection F1 ·F1 of both surfaces yields















The possible types of intersection forms are strongly restricted by the ex-
istence of a diﬀerential structure of the 4-manifold: In the case of topological,
closed, and simply connected 4-manifolds, every quadratic symmetric ma-
trix may arise as an intersection form [27], while in the case of differentiable
manifolds, only two types of intersection forms can arise [23]:
1) Q = ±1⊕±1⊕ · · · ⊕ ±1 – the intersection form is diagonal.
2) Q = nE8 ⊕mH with the 8 × 8 Matrix E8 (the Cartan matrix of the
exceptional Lie algebra E8) and the hyperbolic matrixH = Q(S
2×S2).
Only the second case is non-trivial and topologically interesting. This is the
case particularly for manifolds with the intersection form E8: The topology
of the corresponding 4-manifold is relatively complicated, and the boundary
of the latter is the Poincare´ sphere S3/I∗.
Now the question is whether the intersection form of spacetime can be
narrowed down further by physical reasoning. The gauge ﬁeld theories de-
scribe matter by spinor ﬁelds. Within manifolds, the parallel transport of
a spinor must be unique. This unique deﬁnition of a parallel transport is
called spin structure. For a general 4-manifold, such a spin structure does
not always exist; i.e., requiring one is a strong demand. For charged parti-
cles, the requirement of a spin structure can be relaxed. In that case, only a
so-called SpinC structure is required, which always exists for a 4-manifold.
8 CALCULATION OF THE COSMOLOGICAL CONSTANT
However, if there exists an (electrically) uncharged particle with half-integer
spin, then we need a spin structure. Due to the existence of the neutrino,
the existence of a spin structure is mandatory for the spacetime. In the
concrete case this requirement implies that the number n of the E8 must
be even. If we disregard the trivial case n = 0, then the simplest structure
of spacetime is given by the intersection form 2E8 ⊕ mH. A 4-manifold
with intersection form E8 has a Poincare´ sphere as boundary thus the part
2E8 induces to two Poincare´ spheres in the decomposition (1). The num-
berm cannot be chosen freely either. Instead, the diﬀerentiability6 requires
m > 2. For the simplest case m = 3, we therefore get a spacetime with the
intersection form 2E8⊕3H, which is called a K3 surface7 . This K3 surface
is very interesting on several grounds. Apart from the 4-torus T 4, it is the
only compact 4-manifold with a Ricci-ﬂat metric.8 Furthermore, the K3
surface possesses a self-dual curvature tensor, what induces the existence of
gravitational instantons.
Now we can determine the Akbulut cork of spacetime and hence the global
structure of the cosmos. In the case of a K3 surface the boundary of the
Akbulut cork A [1, 29] is a Brieskorn sphere ∂A = Σ(2, 5, 7) (see Appendix
B and C for details). Therefrom we obtain:
The cosmos bears the topological structure of a Brieskorn sphere Σ(2, 5, 7).
This statement makes the calculation of the cosmological constant possi-
ble, to which we turn in the next section.
4 Calculation of the cosmological constant
The investigation of the global characteristics of the diﬀerential structure
of spacetime led us to the result that the cosmos is a Brieskorn sphere
Σ = Σ(2, 5, 7) split up into three types of pieces
(2) Σ = K1# · · ·#Kn#NS3#S3/I∗#S3/I∗.
Let us now suppose a 4-manifold M with a Akbulut cork bounded by Σ.
The metric gµν of M is given by the Einstein equation
(3) Rµν − 1
2




6This result is called the 11
8
conjecture [37] and was proved for the case n = 2 [23].
7Named after the three great mathematicians: Kummer, Ka¨hler and Kodaira.
8Manifolds with Ricci-flat metric are also called Calabi-Yau spaces. The holonomy
group of such a 4-manifold is SU(2), which is a subgroup of the maximal possible holonomy
group SO(4).
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corresponds to the energy density ρD = ED/vol(Σ) of the dark energy. In
the previous section we showed that one can identify the dark energy with
the curvature of two Poincare´ spheres ΣD = S
3/I∗#S3/I∗. Let R be the
scalar curvature of the cosmos Σ. Inserting the Robertson-Walker-metric
(5) ds2 = c2dt2 − a(t)2hikdxidxj





















with curvature k = 0,±1. Then the scalar curvature of the cosmos Σ is
R = 3k/a(t)2 and the Hubble constant is given by a˙(t)/a(t) = H0. Thus,














hd3x = ρ vol(Σ)














with the critical density ρC . Replacing Σ by ΣD we obtain in an analog way














The main step of the calculation is to solve the integral, i.e. the Einstein-
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e ∧ (dω + ω ∧ ω − RC
3
e ∧ e) .
Witten has discussed this action in more detail [60]. He was able to derive
the important result that SEH is related to a pure topological property
– the Chern-Simons invariant of the manifold. The two ﬁelds e, ω can
be represented by a gauge ﬁeld Ae,ω with values in the Lie algebra of the









Ae,ω ∧Ae,ω ∧Ae,ω) .
Up to a factor of 1/8pi2 this is exactly the Chern-Simons invariant of ΣD
(see formula (17) in appendix D). We can eliminate the factor (1 − RC/3)






tr(Ae,ω ∧ dAe,ω +Ae,ω ∧Ae,ω ∧Ae,ω) .
The group SO(3, 1) and the spin group SL(2,C) have the same Lie algebra,
thus a SO(3, 1) connection can be identiﬁed with a SL(2,C) connection.
Because the group SL(2,C) is the complexiﬁcation of SU(2) one can repre-
sent the SL(2,C) connection by two SU(2) connections. The Chern-Simons
invariant of the SL(2,C) connection is the sum of the Chern-Simons in-
variants of the two SU(2) connections [63]. Let A be a SU(2) connection.
Then one gets the simple relation between the Chern-Simons invariant of









Using this result we are able to calculate the ratio of the energy density of









Until now we have not noted that the Chern-Simons invariant is a rational






· (2CS(A,ΣD)) mod 1
(2CS(A,Σ) mod 1
.
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With the dark energy part ΣD = S
3/I∗#S3/I∗ by using CS(A,M1#M2) =











By homogeneity, the density ρ|ΣD = ED/vol(ΣD) restricted to the subset ΣD
has to be equal to the energy density ρ = E/vol(Σ) on the whole manifold
Σ, i.e. ED/vol(ΣD) = E/vol(Σ). With E/ED = ρ/ρD it yields to ρ/ρD =








which is a purely topological invariant.
To give an explicit expression we need the Chern-Simons invariants of
the Poincare´ sphere S3/I∗ and the Brieskorn sphere Σ = Σ(2, 5, 7). We use
the general method of Fintushel and Stern [25, 35, 26] to calculate both
invariants in appendix D. The Chern-Simons invariants can have diﬀerent
possible values in dependence of the chosen connection of the manifold. We

























For an unique determination of the density ratio we need two further
constraints: the ratio must be ρD/ρ < 1 and the chosen connection must
allow for a Riemann metric, i.e. it has to be a Levi-Civita connection. For
this, appendix D uses the so-called minimal Chern-Simons invariant τ(Σ)









This invariant corresponds to the self-dual or anti-self-dual solutions of a
SU(2) gauge theory on Σ× R. As noted in the appendix D the invariant τ
is equivalent to the choice of a Levi-Civita connection, i.e. the Chern-Simons
invariants are given by the minima (11,12)9 . This minimization principle
9An alternative way to calculate this value is given by the Eta invariant determined by
the index theorem of the Dirac operator on the Akbulut cork with the boundary Σ(2, 5, 7).
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permits an unique determination of the Chern-Simons invariants and we

























Inserting the observed total energy density ρobs = (1.02±0.02) ·ρC from the




= 0.734 ± 0.014,
with the critical density ρC = 3H
2
0c
2/8piG and the Hubble-constant H0.
Our calculated value (15) ﬁts very well with the currently observed data.
We would like to emphasize that our approach deeply requires a posi-
tive curvature of the cosmos, i.e. Ω > 1, because our proposed topology of
the cosmos – the Brieskorn sphere – is a closed 3-manifold with positive
curvature. This provides a strong possibility for falsiﬁcation and should be
determinable by future observations.
Furthermore we would like to mention an experimental argument support-
ing our approach. A ﬁrst evaluation of the WMAP data favors a Poincare´
sphere as topology of the cosmos [36]. Present statistical analysis [33] casts
some doubt on this interpretation: A Poincare´ sphere can be represented by
a 12-faces polygon identifying opposite faces. This results in a twist of ±36◦.
But the statistical analysis obtains only a twist of ±16.5◦ in contradiction
to the Poincare´-sphere model [36].
In our approach the global structure of the cosmos is dominated by the
3-manifold ΣD of dark energy. As we have seen, ΣD is a connected sum
of two Poincare´ spheres. If one deforms the two spheres back again to a
spherical space one obtains a twist of at most ±36◦/2 = ±18◦, which ﬁts
well with the WMAP data.
5 Summary: dark energy without quantum gravity?
We began with the basic assumption that the spacetime M is a compact,
closed, simply connected, and diﬀerentiable 4-manifold. We obtained an
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embedded 3-manifold Σ – the cosmos – as the boundary of a contractible 4-
submanifold – the Akbulut cork, which determines the diﬀerential structure
of M . Thus the cosmos is closed and a homology 3-sphere. As such, the
cosmos can be made up of only three diﬀerent topological components (2):
1) negatively curved pieces Ki (matter, radiation)
2) positively curved 3-spheres S3 (dark matter)
3) two positively curved Poincare´ spheres (dark energy),
where the curvature of each component corresponds to the energy density
of the respective kind of matter. The cosmological constant can be deter-
mined from the ratio of the dark energy density ρD and the total energy
density ρ, the dark energy fraction. This dark energy fraction can be com-
puted from the ratio (13) of two minimal Chern-Simons invariants. Inserting





· Ωobs = 0.734 ± 0.014 .
Using the Hubble constant [56]
(H0)obs = (72 ± 5) km
s
/Mpc ≈ (2.4 ± 0.2) · 10−18 1
s















≈ (1.4 ± 0.2) · 10−52 1
m2
.
The current observations [46, 49, 43, 56, 9, 30, 24] report
(ΩD)obs = 0.65 . . . 0.85 ,
which coincides very well with the calculated quantity (16). In particu-
lar, the ﬁt CMB+2dFGRS+BBN ([24] Table 1) yields (ΩD)obs = 0.73 and
Ωobs = 1.013, and we obtain ΩD =
√
14/27 Ωobs = 0.729.
Nowhere does our approach explicitly employ quantum ﬁeld theory. Does
this mean that dark energy bears no relation to quantum gravity, that it is
a purely classical phenomenon?
In the hitherto existing theories of the cosmological constant, a mechanism
was sought that generates a vacuum energy that coincides with the cosmo-
logical constant. For the measured value of the cosmological constant, the
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proven gauge ﬁeld theories would require a cut-oﬀ of approximately the size
of the cosmos. What is the diﬀerence between our approach and the other
theories? In the calculation you are reading, the cosmological constant is
interpreted as a global eﬀect of a diﬀerential-geometrical structure of space-
time. Matter is understood purely geometrically, as negatively curved pieces
of a closed cosmic 3-manifold. The dark matter, being the S3 linking pieces
of the matter pieces, forms a sort of shadow matter. Its structurelessness
makes that its only interaction with other matter is gravitation. As a third
kind of pieces, there is a connected sum of two Poincare´ spheres, which de-
termines the global structure of the cosmos. In our model, this structure is
the carrier of dark energy.
Now, does our approach have no connection whatsoever to quantum grav-
ity? In [8] the change of the diﬀerential structure directly led to the con-
struction of a C∗ algebra that coincides with the Cliﬀord algebra Cliff(R∞)
of the fermions. This result suggests that our considerations are closer to
a quantum-ﬁeld theoretic setting than it may appear at ﬁrst sight. One
of the central points in our identiﬁcation of matter with negatively curved
3-manifolds was the Mostow Rigidity. It states that all deformations of this
negatively curved 3-manifold are generated by isometries and vice versa.
This implies that the 3-manifold subdivides into smaller volume elements
that are preserved under every deformation. Or in other words: There is a
quantization of volume.
In [17], 2-dimensional submanifolds in such negatively curved 3-manifolds
were examined. One result was that there likewise is a set of surfaces that
do not change their size under a deformation of the 3-manifold. Such in-
compressible surfaces are closely tied to the topological structure of the
3-manifold. Thus, as a further result we obtain that surfaces are quantized
as well. These two results of quantization of volume and surface [50] do
coincide nicely with the results of loop quantum gravity [5, 4]. Recently
this fact was used to avoid the singularity of the big bang [6, 10].
Lastly, in the calculation of the cosmological constant the ratio of two
Chern-Simons invariants was looked at. In the theory of 3-manifolds, the
Chern-Simons invariant arises as a quantum invariant. Therefore it is plau-
sible and widely assumed that the Chern-Simons theory is already a full-
ﬂedged quantum ﬁeld theory. This assumption was further supported by
the highly interesting work of Witten [61, 60, 62]. In a follow-up paper we
shall deal with this important battery of questions in more detail.
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Appendix A Manifold and differential structure
A manifold is described by charts ϕi, i.e. homeomorphic maps from the
manifold M in the linear space Rn
ϕi :Wi ∈M → Ui ∈ Rn.
These charts describe the local properties of the manifold by linear spaces.
But the really interesting property is the structure between these charts.
Suppose two charts ϕi : Wi → Ui and ϕj : Wj → Uj. The overlapping
origin Wij = Wi ∩Wj will be mapped in two (probably diﬀerent) images
Uij = ϕi (Wij) and Uji = ϕj (Wij). A coordinate transformation between
two charts is a map between subsets of linear spaces:





In mathematics one calls the map φij the transition map. Two charts
ϕi, ϕj are compatible if Uij , Uji are open (possibly empty), and the coordi-
nate transformations ϕij , ϕji (with Wi ∩Wj 6= ∅) are diffeomorphisms. A
family of compatible charts covering the whole manifold is an atlas; and two
atlases are equivalent if their union is an atlas again. We call a maximal
diﬀerentiable atlas a smooth structure. The equivalence classes of smooth
structures are the differential structures of the manifold.
Now we consider an example to see the diﬃculties in the deﬁnition of a
diﬀerential structure. We consider the 1-dimensional manifold N = R cov-
ered by one open set U = N . If the chart ϕ is the identity map, then we call
Rstd the standard diﬀerential structure. But now we deﬁne ϕ : N → R by
ϕ(x) = 3
√
x or better (φ(x))3 = x. Notice that ϕ is a homeomorphism. So ϕ
deﬁnes a new smoothness structure on N . A function f : N → R is smooth
in the new smoothness structure if and only if f ◦ ϕ−1 : R → R is smooth.
For example, the function f(x) =
3
√
x2 is smooth on N since f ◦ϕ−1(y) = y2
is smooth in the ordinary sense. But does ϕ also deﬁnes a new diﬀerential
structure? By a partition of unity we can construct a complete Riemannian
metric on N . Then one knows that the exponential map exp : T0N → N
is a diﬀeomorphism. But the tangent space T0N to N at the origin is Rstd.
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So N is diﬀeomorphic to Rstd. But what is wrong with our new smooth
structure ϕ? The problem is that every homeomorphism of a 1-dimensional
manifold can be arbitrarily good approximated by a diﬀeomorphism. Thus,
every topological 1-manifold has an unique diﬀerential structure (see the
appendix of [39] for a proof). The same statement is true for 2-manifolds
[47] and for 3-manifolds [40] but fails for 4-manifolds (see [22] for an ex-
ample). Even trivial spaces like R4, S3 × R etc. admit uncountable many
diﬀerential structures. By a result of Kervaire and Milnor [32] together with
the theories of Munkres [42], Kirby and Siebenmann [34] one can deduce
that there is only a finite number of diﬀerential structures on n-manifolds
for n > 4. The following table lists the numbers of diﬀerential structures up
to dimension 11.
n 1 2 3 4 5 6 7 8 9 10 11
#Diffn 1 1 1 ∞(?) 1 1 28 2 8 6 992
In dimension four there is a countably inﬁnite number of diﬀerential struc-
tures on most compact four-manifolds and an uncountable number for most
non-compact four-manifolds.
Appendix B Akbulut corks and differential structures
Let us look at the following situation: We have two homeomorphic diﬀer-
entiable 4-manifolds M , M ′ which however are not diﬀeomorphic. There
are several possibilities of comparing them. In most cases one computes the
diﬀerential-topological invariants, like the Donaldson polynomials [23] or the
Seiberg-Witten invariants [2]. But there is another way: One utilizes the fact
that M can be transformed into M ′ by a sequence of operations (surgeries).
Geometrically such a procedure is described by a cobordism W . The cobor-
dism W is a 5-dimensional manifold W with the boundary ∂W =M ⊔M ′.
If the two manifolds M , M ′ are homeomorphic, then W is also called h-
cobordism. If M , M ′ are additionally compact, closed, and simply con-
nected, then a structural theorem about such h-cobordisms holds that could
be proved by a number of mathematicians [18]:
Let W be a h-cobordism between M , M ′, then there are contractible sub-
manifolds A ⊂M,A′ ⊂M ′ and a sub-h-cobordism V ⊂W with ∂V = A⊔A′
such that the remaining h-cobordism W \ V is trivial and induces a diffeo-
morphism between M \ A and M ′ \A′.
This theorem illustrates that the diﬀerential structure ofM is determined
by the contractible manifold A. The contractible manifold is called Akbulut
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cork. According to Freedman [27], every contractible 4-manifold has a ho-
mology 3-sphere as boundary (see Appendix C for the deﬁnition). Now we
are going to determine this Akbulut cork for the case of a K3 surface.
We want to determine the Akbulut cork and its boundary for our case
of a K3 surface. In [1], Akbulut had examined a contractible 4-manifold
with several diﬀerential structures, which is also known as Mazur manifold.
The properties of this particular 4-manifold are found in [3]. In [29] (ﬁgure
9.5), one ﬁnds an explicit construction of the Akbulut cork. Using [1] one
can show that it is identical to the manifold W+(0, 0) mentioned in [3].
According to Theorem 2 in [3], we obtain ∂W+(0, 0) = Σ(2, 5, 7) as the
boundary of the Akbulut cork (see Appendix C for a deﬁnition). According
to [16], the homology 3-sphere Σ(2, 5, 7) is the boundary of a contractible
4-manifold, just as it is supposed to be the case.
Appendix C Homology 3-spheres
We call a 3-manifold Σ a homology 3-sphere if it has the same homology as
the 3-sphere S3. This deﬁnition implies for the homology groups of Σ
H0(Σ) = Z = H3(Σ) H1(Σ) = 0 = H2(Σ) .
For a compact 3-manifold there are only two independent homology groups
H0,H1. The other groups can be derived by the duality relation Hk = H3−k.
At ﬁrst view, this duality restricts the possible manifolds, but Poincare´ con-
structed a ﬁrst example, the Poincare´ sphere. He considered the binary
icosahedral group I∗ = 〈s, t | s5 = (st)2, t3 = (st)2〉, i.e. the group of se-
quences generated by s, t and their inverses s−1, t−1 restricted by the rela-
tion s5 = (st)2, t3 = (st)2. Now he constructed a group action S3×I∗ → S3,
and the equivalence class S3/I∗ of that action is the Poincare´ sphere. Its
fundamental group can be simply calculated to be pi1(S
3/I∗) = I∗. Poincare´
was able to use an important property of I∗: I∗ is perfect. To deﬁne this, we
deﬁne the commutator [s, t] = sts−1t−1 in the group G and denote by [G,G]
the subgroup generated by the commutators. A group is called perfect if




between the ﬁrst homology group and the fundamental group. Thus the
vanishing of the ﬁrst homology group H1(M) implies that the fundamen-
tal group pi1(M) is perfect pi1(M) = [pi1(M), pi1(M)]. Then we obtain
H0(S
3/I∗) = Z = H3(S
3/I∗) (by compactness) and H1(S
3/I∗) = 0 =
H2(S
3/I∗) (from I∗ = [I∗, I∗]). The group I∗ consists of 120 elements.
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It is the only ﬁnite perfect group. Is there any other example for a homol-
ogy 3-sphere? In 1966 Brieskorn [14] discovered a whole class of homology
3-spheres now known as Brieskorn spheres Σ(p, q, r). Let p, q, r ∈ N be
diﬀerent prime numbers. We deﬁne the Brieskorn sphere as set
Σ(p, q, r) =
{
(u, v,w) ∈ C3 | up + vq + rr = 0, |u|2 + |v|2 + |w|2 = 1}
and after a complicate calculation the fundamental group
pi1(Σ(p, q, r)) = 〈s, t | sr = (st)p, tq = (st)p〉 .
A comparison to the binary icosahedral group I∗shows the identity Σ(2, 3, 5) =
S3/I∗.
Appendix D Chern-Simons invariant
Let P be a principal G bundle over the 4-manifold M with ∂M 6= 0. Fur-
thermore let A be a connection in P with the curvature
FA = dA+A ∧A







for the classiﬁcation of the bundle P . By using the Stokes theorem we obtain∫
M
tr(FA ∧ FA) =
∫
∂M
tr(A ∧ dA+ 2
3
A ∧A ∧A)
with the Chern-Simons invariant





tr(A ∧ dA+ 2
3
A ∧A ∧A) .
Now we consider the gauge transformation A→ g−1Ag + g−1dg and obtain
CS(g−1Ag + g−1dg, ∂M) = CS(A, ∂M) + k







of the map g :M → G. Thus the expression
CS(A, ∂M) mod 1
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is an invariant, the Chern-Simons invariant. Let N1, N2 be two 3-manifolds
composed via the sum N1#N2. Then the Chern-Simons invariant is given
by
CS(A,N1#N2) = CS(A,N1) + CS(A,N2) .
Now we will calculate this invariant. For that purpose we consider the
functional (17). Its ﬁrst variation vanishes δCS(A, ∂M) = 0 because of the
topological invariance. Then one obtains the equation dA+A∧A = 0, i.e. the
extrema of the functional are the connections of vanishing curvature. The
set of these connections up to gauge transformations is equal to the set of
homomorphisms pi1(∂M)→ SU(2) up to conjugation. Thus the calculation
of the Chern-Simons invariant reduces to the representation theory of the
fundamental group into SU(2). In [25] and[35, 26] an algorithm for the
calculation of the Chern-Simons invariant for the Brieskorn sphere Σ(p, q, r)
is presented. According to that result, a representation α : pi1(Σ(p, q, r) →
SU(2) is determined by a triple of 3 numbers 〈k, l,m〉 with 0 < k < p, 0 <
































Then the Chern-Simons invariant is given by
CS(α) =
e2
4 · p · q · r mod 1
with
e = k · q · r + l · p · r +m · p · q .
Now we consider the Poincare´ sphere with p = 2, q = 3, r = 5. Then we
obtain
〈1, 1, 1〉 CS = 1
120
〈1, 1, 3〉 CS = 49
120
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and for the Brieskorn sphere Σ(2, 5, 7)
〈1, 1, 3〉 CS = 81
280
〈1, 3, 1〉 CS = 9
280
〈1, 2, 2〉 CS = 169
280
〈1, 2, 4〉 CS = 249
280
.
In [25] the authors deﬁne a further invariant
τ(Σ) = min {CS(α)| α : pi1(Σ)→ SU(2)}



















i.e. the solutions of the equation FA = ± ∗ FA. Thus the invariant τ(Σ)
of Σ corresponds to the self-dual and anti-self-dual solutions on Σ × R,
respectively.
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